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Geometric vs. Dynamical Gates in Quantum Computing Implementations Usinj 

Zeeman and Heisenberg Hamiltonians 

Yu ShQ 

Department of Physics, Fudan University, Shanghai 200433, China 

Quantum computing in terms of geometric phases, i.e. Berry or Aharonov-Anandan phases, is 
fault-tolerant to a certain degree. We examine its implementation based on Zeeman coupling with 
a rotating field and isotropic Heisenberg interaction, which describe NMR and can also be realized 
in quantum dots and cold atoms. Using a novel physical representation of the qubit basis states, 
we construct n/8 and Hadamard gates based on Berry and Aharonov-Anandan phases. For two 
interacting qubits in a rotating field, we find that it is always impossible to construct a two-qubit 
gate based on Berry phases, or based on Aharonov-Anandan phases when the gyromagnetic ratios 
of the two qubits are equal. In implementing a universal set of quantum gates, one may combine 
geometric 7r/8 and Ifadamard gates and dynamical VSWAP gate. 

PACS numbers: 03.67.Lx, 03.65.Vf, 73. 21. La 



Berry phase is the geometric phase accumulated in 
a cycle of the adiabatically varying parameters of the 
Hamiltonian, depending only on the path in the param- 
eter space Aharonov-Anandan phase, for which adi- 
abaticity is not necessary, is the geometric phase accu- 
mulated in a cycle of the state itself, depending only on 
the path in the projected Hilbert space of rays [3]. In- 
sensitive to dynamical details, they have been exploited 
as a hardware approach to fault-tolerant quantum com- 
puting d, 0, H, The basic idea is the following. For 
one or two qubits, one finds a set of basis states 
each of which is designed to transform only by a geomet- 
ric phase 7f : e 
transforms as '^ai\ip- 



IV'i)- Then an arbitrary state 
-> ^ a^e^'^i IV'i)- Consequently 
quantum gates based on geometric phases may be con- 
structed. It has been demonstrated theoretically and 
confirmed experimentally Q that geometric phases are 
indeed resistant to some types of noise, error and deco- 
herence. A quantum gate based on Berry phase must 
satisfy the adiabatic condition that the gating time is 
much longer than h divided by the minimal energy dif- 
ference between the qubit basis state and other energy 
eigenstates. This is not needed for a quantum gate based 
on Aharonov-Annandan phase, hence it is more advanta- 
geous from the perspectives of both shortening comput- 
ing time and overcoming decoherence [3| ■ 

Let us focus on the implementations using Zeeman 
coupling with a rotating field and isotropic Heisenberg 
interaction. Zeeman coupling effectively describes prob- 
ably all implementations of single-qubit gates. Isotropic 
Heisenberg interaction describes effective coupling be- 
tween nuclear spins mediated by electrons on a chemi- 
cal bond in liquid NMR Recent experimental ad- 
vances in coherent control in quantum dots flol| and in 
cold atoms [ll|, [l^l make it interesting to consider geo- 
metric quantum computing in these scalable systems, in 
which the interaction is Hciscnberg-type as well. In cold 



atoms in an optical lattice, the Heisenberg interaction is 
due to either direct exchange energy 11| , or interplay be- 
tween tunneling and interaction 1^, similar to the well 
known case of double quantum dots [l^]- Excellent pi- 
oneering discussions and an NMR experimental demon- 
stration have been made on two-qubit geometric phases 
with one of the two qubits regarded as decoupled with 
the rotating field [3, 0, 0| . These analyses were based on 
Ising-type interaction, which can be realized in Joseph- 
son junctions and in cold atoms, while in liquid NMR, it 
is a good approximation when the Heisenberg interaction 
is weak or when the two spins have vastly different pre- 
cession frequencies [l^ . This reasonable approximation 
nicely simplifies the calculations and experimental de- 
signs, and has been successful. Nevertheless, it remains 
to be examined whether nontrivial two-qubit geometric 
phases can arise at all under the isotropic Heisenberg in- 
teraction and with both qubits coupled with the field. In 
this Letter, we study the Berry and Aharonov-Anandan 
phases of two Heisenberg-coupled qubits, both of which 
are coupled with the rotating field. For Berry phases, and 
for Aharonov-Anandan phases in case the gyromagnetic 
ratios of the two qubits are equal, the geometric part of 
the unitary transformation is always trivial, i.e. it is a 
product of two single-qubit transformation, rendering it 
impossible to construct any nontrivial two-qubit geomet- 
ric gate. For Aharonov-Anandan phases in case the gy- 
romagnetic ratios of the two qubits are different, the geo- 
metric part of the two-qubit transformation can be non- 
trivial, in consistency with the previous results. Before 
discussing two-qubit operations, we construct 7r/8 and 
Hadamard gates based on Berry or Aharonov-Anandan 
phases by using a novel representation of the qubit basis 
states. Previously, in the geometric implementations of 
quantum computing using these Hamiltonians, there has 
been a lack of explicit construction of a standard univer- 
sal set of quantum gates such as the one consisting of 7r/8, 



2 



Hadamard and controUed-NOT gates. This is an impor- 
tant issue, because although there were existence proofs 
that most two-qubit gates are universal while two non- 
commuting single-qubit gates can generate an arbitrary 
one-qubit transformation 15|, it is generically unknown 



how to actually realize an arbitrary operation. 

Let us start with a single spin-i in a magnetic field, 
with the Hamiltonian 

h = —k[szBo + SxBi cos4>{t) + SyBi sin0(<)] = — KS-B(t), 

(1) 

where k is the gyromagnetic ratio, h — 1, B(t) = 
[Bi cos(j){t),Bi sin (j){t), Bq] is the total field, where Bq is 
the static component along z axis, Bi is the magnitude 
of the rotating component on xy plane, is the ro- 
tating angle, s = (^, cr's being Pauli operators. 
The Hamiltonian can be rewritten as h ^ —Ka-Q(^t)B 12, 
where <5'B(t) is the Pauli operator along the direction of 
B(i), B = B'^ + B1 is the magnitude of the total field 
and is time-independent. 

First consider the adiabatic limit, in which the func- 
tional form of (j){t) can even be arbitrary as far as it 
reaches 27r after a period r. The instantaneous eigen- 
states of h are just the instantaneous eigenstates |(7B(t)) 



of (7b 



(*)• 



IT 



B(i) 



lB(t)) 



iB(t)) sin- 



)-|-sinfe^^(*)| i,), 
fe'-^^*'! i^), where 



9 = arctan . 

-DO 

Suppose at t = 0, the state is |crB(o)), where <tb(o) = 
±1, representing t or | along the direction of B(0). Af- 
ter a cycle, the state becomes e^^'^'Bcoj+'^-Bco^lo-g^pj)^ 



where 7„ 



i'i'^B{o)BT/2 is the dynamical phase, 



while ^ = — (Tb(o)^^(^)/2 is the Berry phase, where 
U{0) = 27r(l — cos 61) is the solid angle that the cir- 
cuit of B(i) subtends at B = 0. If the initial state 
is an arbitrary superposition tB(o)) + Q^il iB(o))j 
then after a cycle, the state becomes a|e*'-'''T ^'''t-' | tB(o) 
) + aie^^^i~^^i'^\ iB(o))- In other words, the unitary trans- 
formation in a cycle is dm5(e*(''i+''i\e^(Ti+Ti)), written 
in the basis {| Tb(o)), I iB(o))}- 

The dynamical phase in each eigenstate can be can- 
celed in two consecutive cycles with opposite directions 
of B(0), i.e. with both z and xy components of the field 
reversed at the beginning of the second cycle. Equiva- 
lently, one may reverse the spin using the method of re- 
focus or spin echoes 0]. After these two cycles, the Berry 

phase doubles to — o'b(o)^(^) = crB27ri3o/v'-^o + 
to 27m (n is an integer). Consequently, for an arbitrary 
initial state, the unitary transformation is purely based 
on Berry phases, and can be written as 



berry 



diag{e 



If 



-27 



(2) 



/?2 



Bl 



where 7 — 2ttBo/ 

We represent the qubit basis state as the spin eigen- 
states along the direction {Bi,0, Bq), rather than along 



is constructed also 



z direction, as usually do. Then it is straightforward 
that Ui berry bccomcs 7r/8 gate dm(?(e~"/^, e*''/®) when 
Bo/\B,\ = -l/V255. 

The Hadamard gate -1= ^ | 

by using the Hamiltonian but the direction of B(0) 
is rotated by an angle x with respect to y axis, from the 
direction (Bi,0, Bq), which always defines the qubit ba- 
sis states. For two cycles with opposite signs of B(0), 
or equivalently, opposite signs of spin as realized by us- 
ing spin echoes, one obtains the purely geometric uni- 
tary transformation as given in ([2]), in the basis {| Tb(o) 
): I iB(o))} for the new direction of B(0). In the qubit 
basis, it should be written as 



-17 



s^l 
i sin 7 sin x 



sm 



2 X 



« sm 7 sm X 



o«7 I 



,2 X 



+ e 



-17 , 



^2 X 



(3) 

which becomes the Hadamard gate, up to a global factor 
i, when x = '^/'^^ 7 = 7r/2. This value of 7 is obtained 
when Bq/\Bi\ = l/\/T5. 

Besides the usual robustness of geometric phases 0, @l ■, 
an additional aspect of robustness of the quantum gates 
constructed above is that for the two consecutive cycles 
whose dynamical phases cancel each other, only the pe- 
riod r needs to be the same, while the time-dependence 
of can be completely arbitrary and independent in 
each cycle. The underlying reason is that the energy for 
each instantaneous eigenstate is time-independent, thus 
the dynamical phase is simply a product of the energy 
and the period. 

Now we show how to use Aharonov-Anandan phases to 
construct the 7r/8 and Hadamard gates, under the same 
single-qubit Hamiltonian ([T]). No requirement of adia- 
baticity is needed, but it is specified that 4>{t) — uit. The 
solution of ^ can always be given as Q 



iht 



\m). 



(4) 



where 



h = h{0) — Losz = — '«§ • B 



is time- independent, B = (_Bi, 0, Bq -|- ui/k), whose mag- 
nitude is i? = {Bq + lu/k)'^ + B\. The eigenstates of 
h are just the eigenstates \(J-q) of the spin operator a-^ 
along the direction of B, with eigenvalue —Kcr^B/2, i.e. 

I Tb> =cosf| T.)+sin|| U, |-1b) ^ Ub> = 
sin 1 1 t^) ~ cos 1 1 Iz), where — arctan -g^p^. 

If we start with \cr^) (in the original frame, instead 
of a "rotating frame"), then after the period r — 27r/aj, 
the state is |'0b(''')) = ^^'^Wb)^ where -f = n + h<7-qBt/2 
is the total phase, in which Ka-^BT/2 appears because 
Ictb) is an eigenstate of h, while tt appears because 
SzWz) = ±1/2, thus any state is an eigenstate of 
g-jSjWT -^j^jj eigenvalue e™ . The dynamical phase is 
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-T{(7-^\h\<7^) + LLiT{a-^\s^\a-^) = a^{KBT/2 - ncosO), 
while the Aharonov-Anandan phase is 7^^ = tt + 

{(J-^\s z\crfj) = —<j-^fl{9)/2, up to 27rn, where il{6) = 
27r(l — COS0) is the sohd angle subtended by the direction 
of s. 

The dynamical phase vanishes simultaneously in each 
basis when 



Bo^h-±J{-r-ABl]/2. 



(5) 



Then the unitary transformation becomes purely 
based on Aharonov-Anandan phases, Ui^aa = 

where a global phase tt has been omitted. 

Now we represent the qubit basis state as Ui^aa 
becomes n/8 gate when {Bq + ^)/\Bi\ = — 1/\/63, in 
addition to condition 

The Hadamard gate based on Aharonov-Anandan 
phases is constructed as follows. The qubit basis should 
always be along the direction {Bi, 0, Bq + The direc- 
tion of B is rotated from (-Bi, 0, Bq + ^) by an angle x 
with respect to y axis, as physically realized by rotating 
B from {Bi, 0, Bq) in the same manner. Under condition 
([5|), one obtains purely geometric gate Ui^aa, written in 
the basis along B(0). In the qubit basis, Ui,aa if of the 
form of ([3]) , now with 7 



<Bo + ^)/^{Bo + ^r+Bl 
Up to a global factor i, the Hadamard gate is realized 
if X = 7r/4, 7 = 7r/2. This value of 7 is obtained if 
{Bo + ^)/\Bi\ ^ l/%/3 is also satisfied. 

In the constructions of single-qubit geometric gates, 
the dynamical phases in each cycle is proportional to the 
integral of i? or B. Hence the random fluctuation in 
them integrates to zero. Besides, the reversal of the sign 
of the coupling energy in the second cycle also leads to 
some cancelation of fluctuations between the two cycles. 
Cancelation of the dynamical phase using spin echoes has 
been nicely demonstrated experimentally [3, S [3 ■ 

Now we turn to two Heisenberg-coupled spins, a and 
/3, in the rotating magnetic field, with the Hamiltonian 



H = ha + hp + Jsa ■ s^, 



(6) 



where hj = — KjSj 



B(<), {j ^ a, 13). First we 
study the two-qubit Berry phases in the adiabatic 
limit. Noting that H. conserves fg^^j -1- a 



'B(t) 



it 



is easy to find the instantaneous eigenstates to be 

Mt)) = I T^(t)t|(, )), I6/3W) = A^{[-(«a - np)^ ± 

T^(t)iB(*)> + I iB(t)t|(,)>}, Where 



M± is normalization constant, \£,4:{t)) = \ iB(t)-J'B(t))- 
The corresponding eigenvalues are Ei = —\{Ka^np)B~{- 
i J, ^2/3 = -7 ± \^J{na-t^pYB^ + J^, = + 



J 



The eigenvalues are time- independent, while 



When 4, ^ (j)^2T:, -> e*(T' +t. ) 1^,(0)), where 

= — £^ir is the dynamical phase, r is the cy- 



cling time. 7^ i J^'' d(j}{£,i{(t))\d^£,i{4>)) is the Berry 



72^ = 



phase. It can be found that 7? = ^ , 

7I = 0, 7I = They are exactly equal to 



B(t) ^ ''B(t) 



) multiplied by the solid angle ^1(6*), up to 
27m. Therefore for an arbitrary initial state, the uni- 
tary transformation in a cycle can be represented as 
U2ad = dmg(e~'-^i^+''"(''),e-'-^2^,e-*-^3^,e-^-^*^-^"('')), 
in the basis {|Ci(0)), |6(0)), |6(0)), |6(0))}. 

This result implies that using the Hamiltonian ([6|). 
it is impossible to realize a nontrivial two-qubit uni- 
tary transformation based on Berry phases, which should 
not be a product of two one-qubit operations. Even 
though it can be implemented, any scheme realizing 
geometric two-qubit unitary transformations must ulti- 
mately be based on repeated use of the geometric part 
of U2Md, i-e., diag{e'^^^'^\ 1, l,e-*"('')), which retains the 
same form in the qubit basis {| Tb(o)Tb(o)), I TB(o)iB(o) 
>, I iB(o)TB(o)), I iB(o)iB(o)>}, and can thus be factorized 
as (e'"(^)/2, e-»f^(^)/2) ® (^e'i^(o)/2 ^^^^n(e)/2^^ ^^lich is but 
a product of single-qubit transformations. 

We now discuss two-qubit Aharonov-Anandan phases 
based on the Hamiltonian ([6]), with cj) = ojt specified, but 
without the necessity of adiabaticity. The state is given 

by 



(7) 



where 7i = h^ + hp + Jsa ■ sp, with hj — KjSj ■ B_,-, 
Bj = B — {uj/ Kj)slz,i, where Zi is the unit vector in z 
direction, j — a, (3. 

When it is impossible to construct 

nontrivial two-qubit gates based on Aharonov-Anandan 
phases. In this case, the basis states for the two qubits are 
along the same direction Bq = B^g = B = (Bi,0,i3o + 
lu/k). The eigenstates \rii) and the eigenvalues Ei of 
are in similar forms to the instantaneous ones of 7i(t) 
given above, but with B(t) replaced as B and with 
<f> replaced as 0. Starting with |ryi), the state at t is 
\ipi{t)) = e~'-^'*e~'"'^*°"'"''^^|77i), which cycles with period 
2t = Att/uj, with the total phase 7^ = —2EiT. The dy- 
namical phase is jf — — J {tpi{t)\'H\'4!i{t))dt = —2EiT — 
4:Trrii\{s"+s^)\'r]i). The Aharonov-Anandan phase is 7^^ = 
47r77,|(s^ + sf)|r7,). Therefore, 7^ - 



aa 
12 



73 



0, 7r - - 



^{Bo+Lj/K.)^+Bj 



V(Bn+"/«)^+S2' 

. Each Aharonov- 



the eigenstates are time-dependent. 



Anandan phase is — (s^ niultiplied by the solid an- 

gle ^{0), up to 2TTn, subtended by a closed curve traced 
by the direction of the total spin. The cycling period is 2r 
instead of t because jryi) is an eigenstate e*^'^^*^ in- 
stead of e™(*° ^ . The unitary transformation in a cycle 
is (;jay(e~*^-^i'^+*^"(^\ e~*^^2^, e~*-^-'T^ g-i2£;4r-i2n((9)-) 

in the basis {|r/i), \ri2), |?73), |f]4)}. In the qubit basis, the 
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geometric part is (e^"(^) , e''^'^^'^ ) ® (e*"(^) , e-*"(^) ) , which 
is a product of single-qubit operations. 

If Kq ^ Kf^, the Hamiltonian conserves neither + 

nor s" + s^, consequently the geometric phase of 

each eigenstate depends on J, the geometric part of the 
unitary transformation is not simply a product of geo- 
metric unitary transformations of the two qubits. There- 
fore, nontrivial two-qubit geometric gates are allowed 
in principle. When Ka ^ up while J is much smaller 
than and |k/3|, it is possible to choose w KaBQ so 
that it becomes very reasonable to make the approxima- 
tion that (3 spin is decoupled with the field. Under the 
same condition, Heisenberg interaction in liquid NMR 
can be approximated as Ising coupling Js"sf . Therefore, 
previous treatment of the two-qubit Aharonov-Anandan 
phases :3, 4, 5] is fully justified. 

For scalable quantum computing, it may be more 
convenient to use qubits with = k^, while 

the systematic error due to approximations in each 
gating may accumulate after many runs of many 
gates Therefore, one may adopt a hybrid scheme 

combining geometric one-qubit gates and dynamical 
qubit gates, e.g. vSWAP, based solely on Heisen- 
berg interaction. It is well known that CNOT — 
(rc,)2(r^i)VSWAP(Ta)4VSWAP, where the 7r/8 gate 
T can be constructed by using Berry or Aharonov- 
Anandan phases. This hybridization is quite natural, 
because the isotropy of Heisenberg interaction allows 
VSWAP to be realizable under our representation of 
qubit basis states. 

To summarize, we have examined the implementa- 
tion of geometric quantum computation based on Zee- 
man coupling with a rotating magnetic field and isotropic 
Heisenberg interaction. Using a novel representation of 
the qubit basis states, we have constructed the standard 
7r/8 and Hadamard single-qubit gates in terms of Berry 
and Aharonov-Anandan phases. In principle, these con- 
structions of geometric single-qubit gates can be adapted 
to all implementations of quantum computing. For two 
Heisenberg-coupled qubits in the rotating field, we show 
that unitary transformations based on Berry phases, as 
well as those based on Aharonov-Anandan phases in 
case the gyromagnetic ratios of the the two qubits are 
equal, are all products of single-qubit transformations. 
Hence nontrivial two-qubit geometric gates in these cases 
are impossible. But two-qubit transformations based on 
Aharonov-Anandan phases are nontrivial in general when 
the two gyromagnetic ratios are different, in consistency 
with previous works. We suggest that one may adopt a 
hybrid approach combing geometric 7r/8 and Hadamard 
gates with a dynamical vSWAP gate. 
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